In this paper we recall the construction of scalar field action on κ-Minkowski spacetime and investigate its properties. In particular we show how the co-product of κ-Poincaré algebra of symmetries arises from the analysis of the symmetries of the action, expressed in terms of Fourier transformed fields. We also derive the action on commuting space-time, equivalent to the original one. Adding the self-interaction Φ 4 term we investigate the modified conservation laws. We show that the local interactions on κ-Minkowski space-time give rise to 6 inequivalent ways in which energy and momentum can be conserved at four-point vertex. We discuss the relevance of these results for Doubly Special Relativity.
Introduction
The κ-Minkowski space [1] is a noncommutative space-time, in which time and space coordinates do not commute, but instead satisfy the following Lie-type commutational relation 1 [t,
It has been shown in [2] , [3] that the κ-Minkowski space-time is a natural structure of Doubly Special Relativity (DSR) [4] , [5] , [6] , [7] , a recently formulated theoretical framework aimed to describe processes that take place at energies close to Planck energy in the regime, in which gravity can be neglected. Recently it has been also claimed that one can interpret DSR as a flat space limit of quantum gravity [8] , [9] or, in other words, quantum special relativity (see [10] , [11] for recent reviews of the DSR programme.)
The essential physical postulate of the DSR is that there exist in nature two observer independent scales: of velocity, identified with the velocity of light and of mass κ, which is expected to be of order of Planck mass. In Planck units we use in this paper both these scales are equal 1. Since κ is to be, by assumption, observer-independent, in DSR one is forced to modify the way, in which momenta transform under boost so that this scale is the same for all inertial observers. This is done as follows [6] , [7] . One assumes that the algebra of Lorentz transformations, generated by rotations M i and boosts N i is not deformed, i.e.
hold. One assumes also that the action of rotation on momenta is classical,
however the commutators of boosts and momenta are subject to deformation parameterized by κ, to wit 2
and
The Casimir of this algebra reads
but one should keep in mind that, contrary to Special Relativity, due to the presence of the dimensionful quantity κ one can construct infinitely many Casimirs with correct low energy (k, ω ≪ 1) behavior. Namely any function of C will be a Casimir as well and by appropriate scaling it an always be given dimension of mass square. One should also notice that by adding the co-products
2 In this paper we will work in the bicrossproduct basis of the DSR, called sometimes DSR1. Other bases (DSR theories) exist [12] , an example being the Magueijo-Smolin basis (or DSR2), see [13] . The reason for choosing DSR1 is that this basis is most naturally related with the structure of the κ-Minkowski space time, and, in particular, with the bicovariant differential calculus we are to use below.
one can extend the algebra (1)-(5) to quantum κ-Poincaré algebra, as originally derived in [14] .
In this paper we present some elements of construction of field theory on κ-Minkowski space-time (1), which make it possible us to discuss issues relevant for the DSR programme. There were several past attempts to construct (quantum) field theory on κ-Minkowski. In the series of papers [15] , [16] , [17] the authors provide most of the necessary mathematics and essentially constructed free classical field theory. However as stated in [15] , the formalism seems to leads to interaction vertices that are not symmetric under relabelling of identical particles, the feature which is clearly physically unacceptable. Below we show that the vertex is in fact symmetric. In [18] the two and four point Green functions has been calculated in the case of Φ 4 QFT on κ-Minkowski space-time by using the path integral method. A related approach to construction of QFT on κ-Minkowski was presented in [19] .
The plan of the paper is as follows. In the next section, following [15] , [17] we present mathematical apparatus necessary to formulate QFT on κ-Minkowski space-time i.e., definition of differentiation, integration and Fourier transform. Then, in Sect. III we discuss the variational principle for free scalar field and solutions of field equations. It turns out that the action can be formulated in three equivalent forms: on non-commutative κ-Minkowski space-time, on the Fourier transformed fields defined as functions of momenta, and finally, on commuting manifold. In Sect. IV we briefly discuss a possible quantization of the free scalar field, taking as a starting point the momentum space action and making use of the identification of complex and symplectic structures. Sect. V is devoted to discussion of symmetries of the free action in momentum space. We discover that the action of symmetries on products of fields must follow the quantum κ-Poincaré co-product rule (7), (8) , instead of the standard Leibniz one. In Sect. VI we consider Φ 4 interaction and we show that it leads to 6 independent energy and momentum conservation laws and briefly discuss the relevance of this observation in view of DSR programme. Finally, we devote Sect. VII to conclusions and discussion of open problems.
Mathematical preliminaries: calculus on κ-Minkowski spacetime
It is obvious that the calculus is an indispensable tool necessary to construct classical and quantum field theory. Yet on the non-commutative space-time differentiation and integration have some unexpected features, which we will discuss in this section. We follow the presentation reported in [20] , [21] , [22] , [15] , [17] . Let us start with the observation that since the κ-Minkowski coordinates t, x i do not commute, one must define an appropriate ordering of functions defined on this space-time. Here we will adopt the "time to the left" ordering, and we will denote such ordering of the function f (t, x i ) by : f (t, x i ) : . In particular the ordered on-shell plane wave will have the form :
where the function ω(k) is the solution of the mass-shell condition, as it will be explicitly shown below.
Bicovariant differential calculus
To define the bicovariant differential calculus (see [20] , [21] , [22] ) one considers the total differential of function defined on κ-Minkowski space-time. It turns out that
and thus the bicovariant calculus is necessarily five dimensional, and the basic one-forms dx µ , dx 4 satisfy the following commutational relations
It follows that the differentials transform in the standard way under action of rotations and boosts
This fact can be easily understood in the de Sitter geometric framework of DSR theories, see [23] .
With the help of Leibnitz rule, d(f g) = df g + f dg one can check that for any function
where η A (ω, k) are given by
In particular, for the ordered plane wave (off-shell) we find
One can also use the operator∂ ≡∂ 4
(cf. (6) .) Note that it follows implicitly from (9) and explicitly from (14), (15) that since the differentials dx µ transform in the standard way under action of Lorentz generators, the derivatives∂ µ are the standard Lorentz vectors as well. Thus the second order operator ∂ 2 0 − ∂ 2 i , as well as the first order operator 2∂ are Lorentz scalars with correct low energy behavior and can be employed as the natural kinetic operator for a scalar field.
Integration and Fourier transform
Let us now turn to the definition of integral over the κ-Minkowski space-time. This integral is defined for ordered functions
and reads
Note that since [t, dx i ] = 0 no ordering ambiguity arises. Moreover, since the differentials dx µ transform in the standard way under Lorentz transformation, the integral of a Lorentz scalar is Lorentz invariant.
Having the integral, we can introduce the delta function to be (ikx ≡ iωt − ikx)
We can also introduce a Fourier transformed functionΦ(k) by
where dµ ≡ dωd 3 k e 3ω is the measure on the momentum space, which, thanks to the e 3ω factor is Lorentz invariant. From these formulae one finds
To derive eq. (22) one uses the fact that : e ikx : :
where, as a result of the non-commutative structure of κ-Minkowski space-time (1),
Actions and field equations
In view of the differential calculus described in the preceding section there are two potential expressions for the lagrangian:
In the following we choose the first one for its simplicity, but the difference is only in the form of the function M(ω, k) (see 27 below) that leads to the mass-shell condition. Thus our action reads
In terms of the Fourier transformed fields (21) this action reads (from now on we denote the Fourier transformed fields without tilde)
while
Note that the factors e 3ω in the integration measure cancel. This action can be also expressed in slightly more compact way using the antipode S (generalized "minus") of the κ-Poincaré algebra
where M(ω, k) denotes the term in the parentheses in (26) or (27) or any other Lorentz invariant function, since, as mentioned above, there is infinitely many of a priori equally good Casimirs for κ-Poincaré algebra. The action (28) will be the basis of our investigations below.
Varying this action with respect to Φ(ω, k) and noting that M(ω, k) = M(S(ω), S(k)) we find the on-shell condition of the form
Using (29), we can write down the on-shell field (operator) in the usual way as follows
In [15] the authors noticed that it might be possible to find an action equivalent to (25) (27) by making the inverse Fourier transform from Φ(ω, k) to position space fields, defined on commuting space-time. Let us therefore turn to the construction of such action. Let us denote the commuting time by τ and commuting space by y. Then
Substituting this into the lagrangian (27), we get
It should be noticed that this action leads to much more complex equations of motions than the ones used to analyze the "trans-Planckian problem" in cosmology and black hole physics in the framework of naive κ-Poincaré algebra [25] . We will investigate the properties of the action (32) in a separate paper.
Complex structure and canonical commutational relations
In the preceding section we formulated three equivalent action principles: on κ-Minkowski space (25), on momentum space (27) , and on the associated commutative space (32). Of these action the one defined on momentum space is clearly the simplest. However, to proceed with this action, we must reformulate somehow the standard procedure of field theory quantization, which usually relies heavily on position space concepts. For example to find out what the canonical commutational relations (CCR) are one usually identifies field momenta as time derivatives of the fields, and then uses the CCRs of fields and field momenta to derive the commutators of creation and annihilation operators. But to start this procedure one must identify time variable, which is clearly not present in the momentum space picture, and to proceed we clearly need another equivalent set of quantization principles.
In the standard quantum field theory using the canonical symplectic structure on the space of (on-shell) fields and field momenta (i.e. assuming that fields and their momenta commute to δ function) one derives the commutational relation between creation and annihilation operators of the form
where a † is an operator adjoint to a, and the creation and annihilation operators are proportional to positive energy, on-shell, momentum space fields, and their adjoint, respectively. Thus we see that in the standard case there is one-to-one correspondence between the canonical commutational relations and complex structure.
Here, following [28] we take this observation as a starting point of the quantization procedure. We assume that the symplectic structure on the momentum space fields Φ(ω, k) is identified with the complex structure associated with these fields. Consider our action
Defining the complex conjugate field as
we see that the action is real. The coefficient a can be fixed by assuming that the field (21) is real as well.
To check reality of Φ(t, x), we must first decide how the plane waves change under complex conjugation. It is most natural to assume that plane waves are pure phase. Then the complex conjugation has to be defined as
since it leads to
which is equal to Φ(t, x) if a = −3. Knowing the complex structure on the space of fields, we can now postulate that it is equal to the symplectic structure on this space. Using this postulate we find the canonical commutational relations of the form
Having these relations one is tempted to proceed to the construction of Fock space. For creation and annihilation operators we could choosê
where by using the symbol ω(k) ≥ 0 we indicate that the fields are positive frequency and on-shell (cf. (29)). It is then possible to define the vacuum as a state annihilated by all the annihilation operatorsâ k |0 >= 0 and to define one-particle DSR state with momentum k aŝ a † k |0 >. Then the two-particle state would be defined aŝ
This last definition, however, poses a problem. Namely, as we will show in the next section it seems impossible to associate energy and momentum with the state of the form (39), at least within the framework of mathematics we have developed so far, the reason being that the functionâ † kâ † k ′ cannot be expressed as a result of integration of any local function on κ-Minkowski space-time. It remains an open question if this problem could be overcome by extending the scope of mathematical tools, or rather by revising the construction of the multi-particles DSR states.
Quantum κ-Poincaré symmetry
Let us now turn to checking explicitly that the action (27) is indeed invariant under deformed Poincaré transformation 3 . Let us start with deformed boosts (4), (5)
As we will see in a moment, from this procedure, not quite surprisingly, the quantum group co-product structure will emerge. However let us try to proceed naively, to see what goes wrong. Let us assume that the product Φ(ω, k)Φ(S(ω), S(k)) transforms with respect to (40) as a scalar, so that,
Since M(ω, k) is invariant under (40) the transformation of the action reads
Notice now that since δ B dω d 3 k = −3ε i k i dω d 3 k the last term in (41) cancels the term resulting from the transformation of the measure. Integrating by parts and observing that
we see that the action (27) is indeed invariant under (40).
We have therefore obtained the desired result, but it is easy to observe that our naive procedure is problematic. To see this, let us return to eq. (41). It is natural to assume that the field Φ(ω, k) transforms as a scalar as well, i.e.,
But then it follows that in order to make the product Φ(ω, k) Φ(S(ω), S(k)) transforming as a scalar (41), the field Φ(S(ω), S(k)) should transform exactly as the field Φ(ω, k) does, that is, by (43). But it follows from (43) that we should rather take
Before solving this puzzle, we will pause for a moment to consider a slightly less complicated case of the symmetries related to space-time translations.
Let us therefore turn to the remaining part of the (deformed) Poincaré symmetry, namely the symmetries that correspond to translations in space-time. At the first sight it seems to be impossible that these symmetries are present in the momentum space action, as there are no positions, on which the translations could act. However, the corresponding symmetries are present. To see this, consider the standard case and notice that when space or time coordinate of the field is shifted by a, then the Fourier transformed field is multiplied by the phase e −ika . We see therefore that the translation in space-time fields is in the oneto-one correspondence with the phase transformations of the momentum space ones. This suggests that the ten parameter group of Poincaré symmetries in space-time translates into six parameter Lorentz group plus four independent phase transformations in the momentum space, being representations of the same algebra.
Using this insight let us turn to the case at hands. Consider first time translations. The corresponding infinitesimal phase transformation reads 4
where ǫ is an infinitesimal parameter. It follows that
and using Leibniz rule we easily see that the action is indeed invariant. Let us now consider the space translation. Assume that in this case
But then
and the action is not invariant, if we apply Leibniz rule. One can improve the situation by assuming that δ
which along with the appropriately redefined transformation for Φ(S(ω), S(k)) will make the action invariant, but then such defined symmetries would not form representation of the original κ-Poincaré algebra. The way out of this problem is to modify the Leibniz rule by the co-product one (7), as in [26] . To this end we take
i.e., we generalize Leibniz rule by multiplying Φ(ω, k) in the second term by e −ω . Note that such definition is consistent with the fact that the fields are commuting, because
We see therefore that in order to make the action invariant with respect to infinitesimal phase transformations one must generalize the standard Leibniz rule to the non-symmetric co-product one. This rule is well known from the theory of quantum groups and as shown in [26] its emergence is a direct consequence of non-commutative structure of space-time. We see that the same quantum group structure arises also in momentum space picture. Let us note at this point that the co-product rule cannot be generalized to a product of two arbitrary functions. For example
It can be, in principle, generalized to expressions of the form
where the kernel K(ω 1 , ω 2 ; k 1 , k 2 ) is symmetric, because then only symmetrized part of δ S i is picked up. However such a generalization would be highly unnatural, because in the theory we started with we had to do only with integrals of products of functions taken at the same space-time point. It seems that without additional mathematics one cannot easily generalize the co-product rule beyond the products of the functions of the form
An immediate consequence of this is that, as mentioned above, it seems impossible within this formalism to define the energy and momentum of two particle states of the formâ
Let us return to the boost transformations (40). We saw above that the naive reasoning led us to problem: how to reconcile the transformation law (41) with the rules (43), (44). As we know already the field Φ(ω, k) must transform as a scalar, so that the action of all the symmetries on one field closes. We must therefore derive the co-product, generalized Leibniz rule so that the product Φ(ω, k)Φ(S(ω), S(k)) transforms as a scalar as well. Thus instead of
where δ B (Φ(ω, k)) and δ B (Φ(S(ω), S(k))) are given by (43) and (44), respectively, we should consider its appropriate generalization. As a first step, observe that since ω = −S(ω),
This last term can be expressed as
Observe however that
is nothing but the rotation generator M k so what we have is just the co-product deformed Leibniz rule for boosts (8) .
Let us summarize. We have shown that the momentum space action (27) is invariant under infinitesimal transformations of the fields of δ T , δ S i , and δ B given by (45), (47), and (43), respectively. It is clear that commutators of these transformations form a ten parameter algebra of symmetries, which is isomorphic to the algebraic part of the original κ-Poincaré algebra (1)- (5) . Moreover, the action of these symmetries on products of functions must be given by co-product rule (7), (8) . This proves that our action is indeed invariant under ten parameter, quantum κ-Poincaré algebra.
Interactions and conservation laws
Till now we have been considering free theory, however from the point of view of DSR phenomenology [27] this is the interacting theory that is of real interest. Here we will concentrate on the Φ 4 (x) interaction, which is of major interest in view of phenomenological application, like possible explanation of violation of GZK cut-off and TeV photons anomaly (see, e.g., [29] , [30] .)
Let us start with the natural form of the interaction term
Going to Fourier transformed fields we find
Note that as a result of the presence of δ (ω 1 + ω 2 + ω 3 + ω 4 ) we could have dropped the term e ω 1 +ω 2 +ω 3 +ω 4 in the lagrangian.
Formula (57) looks not symmetric with respect to exchange of labels 1, . . . , 4. However the expression in delta function is symmetrized because the fields Φ(ω i , k i ), i = 1, . . . , 4 commute. The action (57) can be therefore rewritten as
This result is in direct analogy to quantum mechanical computations presented in [18] . However since the reasoning is fully classical it provides a rather appealing interpretation. Namely observe that every delta carries information about conservation law in the case of interactions of four identical particles, of the form
where, of course the energies of incoming and outgoing particles should be taken with plus and minus signs, respectively, and
plus all 23 other permutations, of which only 6 are independent because of the invariance under cyclic permutations 1 → 2 → 3 → 4 → 1.
In the standard case we have to do with 24 deltas as well, however they are all equal, and thus they lead to a single conservation law. Here each of the 6 independent deltas describes different momentum conservation law. This fact can be interpreted as a signal that the Φ 4 (x) vertex in space-time turns into 6 different ways that momentum can be conserved. This is certainly odd, however does not seem to contradict any basic physical principle. One could interpret this as signal that in the case of a theory defined on κ-Minkowski space-time, interacting particles can choose between different modes of energy momentum conservation, in other words, the theory local in κ-Minkowski predicts 6 independent identical particle scattering processes. Of course, in the case of scattering of different particles, the number of independent processes would be larger, since the number of available permutations will be lower.
¿From the point of view of DSR phenomenology this would presumably mean that given the exact energies and momenta of incoming particles, and of one outgoing particle, we could not make any predictions for energy and momentum of the second outgoing one. Instead we would have some number of possibilities (6 in the case of identical particles,) as to which its energy and momentum could be. Of course this indeterminism disappears in the limit when energies of all particles are small as compared to 1 (i.e., to Planck scale.)
Conclusions and open problems
In this paper we wanted to emphasize that it is possible to discuss scalar field theory on κ-Minkowski space-time solely in terms of the momentum picture. In particular we show that the momentum picture action is invariant under the same ten-parameter (quantum) κ-Poincaré algebra of symmetries as the original action defined on κ-Minkowski space-time.
We also proposed to make use of the isomorphism between complex and symplectic structure in order to quantize the theory. Finally we analyzed Φ 4 (x) interaction term that can be added to free field action, and we show that it leads to a theory possessing 6 independent energy-momentum conservation rules.
Of course a great number of open problems remains. In our view the one concerning construction of Fock space seems to be the most urgent one. Namely, if one uses the construction of Sect. IV and identifies the field operators Φ(ω(k), k) and Φ * (ω(k), k), ω(k) > 0 with annihilation and creation operators, respectively, one cannot define energy and momentum of many-particles DSR states constructed in the standard way. This is because the co-product action is not defined for ordinary products of functions (50). It seems inevitable that the definition of many-particles states must differ from the standard case, so as to ensure mathematical consistency and, moreover, to lead to physically acceptable results. For example it would be clearly not acceptable if an expression for total energy and momentum of a system of identical particles is not symmetric in permutation of the particles. We will address these problems in a future publication.
